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Abstract
We discuss on invariant subspaces of H 2(Γ 2) on which rank[Rw,R∗z ] = 1.
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1. Introduction
Let L2(Γ 2) and H 2(Γ 2) be the Lebesgue and Hardy spaces on Γ 2 = {(z,w); |z| =
|w| = 1}, respectively. Let D2 = {(z,w); |z| < 1, |w| < 1}. We denote by z,w the coor-
dinate functions on Γ 2. Let Lz and Lw be the multiplication operators on L2(Γ 2) by z
and w, respectively. A closed subspace M of L2(Γ 2) is called invariant if LzM ⊂ M and
LwM ⊂ M . See [1,8] for the study of invariant subspaces. For an invariant subspace M of
L2(Γ 2), we have two natural operators Rz = PMLz and Rw = PMLw on M , where PM is
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In [6], Mandrekar showed that for an invariant subspace M of H 2(Γ 2), [Rw,R∗z ] = 0 if
and only if M = ϕH 2(Γ 2) for an inner function ϕ. So, the condition [Rw,R∗z ] = 0 char-
acterizes Beurling type invariant subspaces in H 2(Γ 2). In [7], Nakazi posed the following
conjecture: if [Rw,R∗z ] = [Rw,R∗z ]∗, then [Rw,R∗z ] = 0. In [4], Ohno and the first author
showed the following theorem.
Theorem A. Let M be an invariant subspace of L2(Γ 2). Then the following conditions
are equivalent:
(i)
[
Rw,R
∗
z
]= [Rw,R∗z ]∗ and [Rw,R∗z ] = 0;
(ii) M = ϕ
(
H 2(Γ 2) ⊕
( ∞⊕
j=0
C · zj w
1 − rzw
))
,
where ϕ is a unimodular function on Γ 2 and r is a real number with 0 < |r| < 1.
After that, Nakazi asked us the following question: is there an invariant subspace M
in H 2(Γ 2) having the form in (ii)? Many readers may think that there is not such an
M in H 2(Γ 2) of the form in (ii). In this paper, we answer his question affirmatively. It
is not so difficult to see that rank[Rw,R∗z ] = 1 for an invariant subspace M of H 2(Γ 2)
of the form in (ii). Until now, there are not so many studies on invariant subspaces of
H 2(Γ 2) with rank[Rw,R∗z ] = 1. We are interested in such invariant subspaces, and discuss
on this subject. In [2,3], invariant subspaces of the form q1(z)H 2(Γ 2)+q2(w)H 2(Γ 2) are
studied, where q1(z) and q2(w) are one variable inner functions. In [11], Yang essentially
showed that rank[Rw,R∗z ] = 1 for an invariant subspace of the form
ϕ
(
q1(z)H
2(Γ 2) + q2(w)H 2(Γ 2)
)
,
where ϕ is an inner function. Related to this subject, in [9,10] Yang studied invariant sub-
spaces in H 2(Γ 2) on which [Rw,R∗z ] are compact (Hilbert–Schmidt).
2. Rank-one commutators
Theorem 1. There exists an invariant subspace in H 2(Γ 2) on which [Rw,R∗z ] = [Rw,R∗z ]∗
and [Rw,R∗z ] = 0.
Proof. By [8, Theorem 5.4.5], there exists a holomorphic function h in D2 such that
(w − rz)h is an inner function and |h| > 0 on D2. Write ϕ = (w − rz)h. Since w − rz
is a polynomial, we can use [1, Proposition 4.1.1] and get h ∈ N∗(D2), where N∗(D2)
denotes the Smirnov class. Since
1
|w − rz| 
1
1 − r , (z,w) ∈ Γ
2,
we have∣∣h(z,w)∣∣= |ϕ(z,w)|  1 , (z,w) ∈ Γ 2.|w − rz| 1 − r
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M = ϕ
(
H 2(Γ 2) ⊕
( ∞⊕
j=0
C · zj w
1 − rzw
))
.
We have
ϕw
1 − rzw =
ϕ
w − rz = h ∈ H
2(Γ 2).
Thus M ⊂ H 2(Γ 2). By Theorem A, we have the assertion. 
In [5], Ohno and the first author showed the following theorem.
Theorem B. Let M be an invariant subspace of L2(Γ 2) and n be a positive integer. Then
the following conditions are equivalent:
(i)
[
Rnw,R
∗
z
]= [Rnw,R∗z ]∗ and [Rnw,R∗z ] = 0;
(ii) M = ϕ
(
H 2(Γ 2) ⊕
( ∞⊕
j=0
zj span
{
wi
1 − rzwn ; 1 i  n
}))
,
where ϕ is a unimodular function on Γ 2, r is a real number with 0 < |r| < 1, and span
denotes the linear span.
Similarly to Theorem 1, we have the following theorem.
Theorem 2. For every positive integer n, there exists an invariant subspace of H 2(Γ 2) on
which [Rnw,R∗z ] = [Rnw,R∗z ]∗ and [Rnw,R∗z ] = 0.
Proof. In (ii) of Theorem B, we can choose an inner function ϕ satisfying ϕ/(wn − rz) ∈
H 2(Γ 2). 
Now we study invariant subspaces with rank[Rw,R∗z ] = 1. For each a ∈ D with a = 0,
there exists an inner function ϕ satisfying
h1 := ϕw
n
1 − azwn =
ϕ
wn − az ∈ H
2(Γ 2).
Put
M1 = ϕ
(
H 2(Γ 2) ⊕
( ∞⊕
j=0
zj span
{
wi
1 − azwn ; 1 i  n
}))
. (2.1)
Then
M1 = ϕH 2(Γ 2) ⊕
( ∞⊕
j=0
zj span{h1,wh1, . . . ,wn−1h1}
)
,
and M1 is an invariant subspace of H 2(Γ 2). Note that wih1 ⊥ wjh1 if i = j .
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function ψ on Γ 2. It is not difficult to see that rank[Rw,R∗z ] for M equals to rank[Rw,R∗z ]
for M ′. So, to study rank[Rw,R∗z ], we can ignore a unimodular factor of M . One can easy
see that [Rw,R∗z ] = 0 on zM and R∗z = 0 on M 	 zM , so that rank[Rw,R∗z ] for M equals
to dimR∗zw(M 	 zM).
Theorem 3. Let M1 be an invariant subspace of H 2(Γ 2) given in (2.1). Then
rank[Rw,R∗z ] = 1 for M1.
Proof. Let
M0 = H 2(Γ 2) ⊕
( ∞⊕
j=0
zj span
{
wi
1 − azwn ; 1 i  n
})
.
By (2.1), it is sufficient to prove rank[Rw,R∗z ] = 1 for M0. We have
M0 	 zM0 = H 2(Γw) ⊕ span
{
wi
1 − azwn ; 1 i  n
}
, (2.2)
where H 2(Γw) is the Hardy space H 2(Γ ) in variable w. Let f (w) ∈ H 2(Γw). Then
[Rw,R∗z ]f (w) = −R∗zwf (w) = 0. Hence [Rw,R∗z ] = 0 on H 2(Γw). Let 2 i  n. Then
[
Rw,R
∗
z
] wi
1 − azwn = −R
∗
z
w(i−1)
1 − azwn = 0.
By (2.2), we have
[
Rw,R
∗
z
] w
1 − azwn = −R
∗
z
(
1 + azw
n
1 − azwn
)
= − aw
n
1 − azwn = 0.
Thus rank[Rw,R∗z ] = 1 for M1. 
Mandrekar’s theorem [6] says that for an invariant subspace M of H 2(Γ 2), [Rw,R∗z ] =
0 if and only if M = ϕH 2(Γ 2) for an inner function ϕ. Combining Theorem 3 and Man-
drekar’s theorem, we have the following corollary.
Corollary 4. There are no inner functions ψ with M1 = ψH 2(Γ 2).
Next, we generalize Theorem 3 a little. Let (k, n) be a fixed pair of positive integers and
N be a positive integer. Let a ∈ D with a = 0. As the proof of Theorem 1, there exists an
inner function ϕ such that
h1 := ϕw
N
1 − azkwn ∈ H
2(Γ 2).
Let ψ(z) be a one-variable inner function and M(k,n,N,ψ) be the invariant subspace of
H 2(Γ 2) generated by
ϕH 2(Γ 2),
ψ(z)ϕwN
k n
,
ψ(z)ϕw(N−1)
k n
, . . . ,
ψ(z)ϕw
k n
,1 − az w 1 − az w 1 − az w
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ϕH 2(Γ 2), ψ(z)h1, ψ(z)wh1, . . . , ψ(z)w
N−1h1.
Let M0(k,n,N,ψ) be the invariant subspace of L
2(Γ 2) generated by
H 2(Γ 2),
ψ(z)wN
1 − azkwn ,
ψ(z)w(N−1)
1 − azkwn , . . . ,
ψ(z)w
1 − azkwn . (2.3)
Then M(k,n,N,ψ) = ϕM0(k,n,N,ψ). When ψ(z) is constant, we write M(k,n,N) instead of
M(k,n,N,ψ). The rank of [Rw,R∗z ] depends on N and ψ(z).
Theorem 5. Let M(k,n,N,ψ) be an invariant subspace of H 2(Γ 2) mentioned above.
(i) If ψ(z) is constant, then rank[Rw,R∗z ] = 1 for every M(k,n,N).
(ii) If ψ(z) is non-constant, then rank[Rw,R∗z ] = 1 for M(k,n,N,ψ) if and only if N = n. If
N = n, then rank[Rw,R∗z ] = 2.
Proof. It is sufficient to study rank[Rw,R∗z ] for M0(k,n,N,ψ). We divide the proof into three
cases.
Case 1: N > n. For i with n i N − 1, we have
ψ(z)w(N−i)
1 − azkwn = ψ(z)w
(N−i)
(
1 + az
kwn
1 − azkwn
)
= ψ(z)w(N−i) + az
kψ(z)w(N+n−i)
1 − azkwn .
By (2.3),
ψ(z)w(N−i)
1 − azkwn ,
azkψ(z)w(N+n−i)
1 − azkwn ∈ M
0
(k,n,N,ψ),
so that we have
ψ(z)w(N−i) ∈ M0(k,n,N,ψ).
Hence M0(k,n,N,ψ) is generated by
H 2(Γ 2), ψ(z)wi (1 i N − n),
ψ(z)wj
1 − azkwn (N − n + 1 j N). (2.4)
One easily see that M0(k,n,N,ψ) 	 zM0(k,n,N,ψ) coincides with
H 2(Γw) ⊕ ψ(z)
(
N−n⊕
i=1
C · wi
)
⊕ ψ(z)
1 − azkwn
(
N⊕
j=N−n+1
C · wj
)
. (2.5)
Then we have
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(
M0(k,n,N,ψ) 	 zM0(k,n,N,ψ)
)
= dimR∗zRw
(
M0(k,n,N,ψ) 	 zM0(k,n,N,ψ)
)
= dim span
{
R∗zRwψ(z)w,R∗zRw
ψ(z)w(N−n+1)
1 − azkwn
}
 2.
Suppose that ψ(z) is constant and we may assume that ψ(z) = 1. Then we have
R∗zRwψ(z)w = R∗zRww = R∗z 1 = 0,
and
R∗zRw
ψ(z)w(N−n+1)
1 − azkwn = R
∗
z
w(N−n)
1 − azkwn = R
∗
zw
(N−n)
(
1 + az
kwn
1 − azkwn
)
= R∗z
(
azkwN
1 − azkwn
)
by (2.5)
= az
k−1wN
1 − azkwn by (2.4).
Hence rank[Rw,R∗z ] = 1 for M0(k,n,N) with N > n.
Suppose that ψ(z) is non-constant. Then we have
R∗zRwψ(z)w = R∗zψ(z) = 0
and
R∗zRw
ψ(z)w(N−n+1)
1 − azkwn =
azk−1ψ(z)wN
1 − azkwn .
Hence rank[Rw,R∗z ] = 2 for M0(k,n,N,ψ) with N > n.
Case 2: N = n. In this case, we have
M0(k,n,N,ψ) 	 zM0(k,n,N,ψ) = H 2(Γw) ⊕
ψ(z)
1 − azkwn
(
n⊕
j=1
C · wj
)
,
rank[Rw,R∗z ] = dim span
{
R∗zRw
ψ(z)w
1 − azkwn
}
,
and
R∗zRw
ψ(z)w
1 − azkwn = R
∗
z
(
ψ(z) + az
kψ(z)wn
1 − azkwn
)
= ψ(z) − ψ(0)
z
+ az
k−1ψ(z)wn
1 − azkwn
= 0.
Hence rank[Rw,R∗z ] = 1 for M0(k,n,N,ψ) with N = n.
Case 3: 1N < n. For i with 1 i  n − N ,
wi
ψ(z)w
k n
= wi−1ψ(z)
(
1 + az
kwn
k n
)
= wi−1ψ(z) + az
kψ(z)w(n−i+1)
k n
.
1 − az w 1 − az w 1 − az w
K. Izuchi, K.H. Izuchi / J. Math. Anal. Appl. 316 (2006) 1–8 7By (2.3),
wi
ψ(z)w
1 − azkwn , w
i−1ψ(z) ∈ M0(k,n,N,ψ),
so that we have
zkψ(z)w(n−i+1)
1 − azkwn ∈ M
0
(k,n,N,ψ), 1 i  n − N.
Then M0(k,n,N,ψ) 	 zM0(k,n,N,ψ) coincides with
H 2(Γw) ⊕ ψ(z)
(
N⊕
i=1
C · w
i
1 − azkwn
)
⊕ zkψ(z)
(
n⊕
i=N+1
C · w
i
1 − azkwn
)
. (2.6)
Hence
rank[Rw,R∗z ] = dim span
{
R∗zRw
ψ(z)w
1 − azkwn , R
∗
zRw
zkψ(z)w(N+1)
1 − azkwn
}
. (2.7)
Suppose that ψ(z) is constant and we may assume that ψ(z) = 1. Then
R∗zRw
ψ(z)w
1 − azkwn = R
∗
z
(
1 + az
kwn
1 − azkwn
)
= PM0
(k,n,N)
azk−1wn
1 − azkwn .
It is not difficult to see that
zk−1wn
1 − azkwn ⊥ M
0
(k,n,N),
so that
R∗zRw
ψ(z)w
1 − azkwn = 0.
By (2.6), we have
R∗zRw
zkψ(z)w(N+1)
1 − azkwn = R
∗
z
zkψ(z)wN
1 − azkwn =
zk−1ψ(z)wN
1 − azkwn .
Hence rank[Rw,R∗z ] = 1 for M0(k,n,N) with 1N < n.
Suppose that ψ(z) is non-constant. Then
R∗zRw
ψ(z)w
1 − azkwn = R
∗
z
(
ψ(z) + az
kψ(z)wn
1 − azkwn
)
= ψ(z) − ψ(0)
z
+ PM0
(k,n,N,ψ)
azk−1ψ(z)wn
1 − azkwn .
Since
zk−1ψ(z)wn
1 − azkwn ⊥ M
0
(k,n,N,ψ),
we have
R∗zRw
ψ(z)w
k n
= ψ(z) − ψ(0) = 0.1 − az w z
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R∗zRw
zkψ(z)w(N+1)
1 − azkwn = R
∗
z
zkψ(z)wN
1 − azkwn =
zk−1ψ(z)wN
1 − azkwn .
Thus by (2.7), we get rank[Rw,R∗z ] = 2 for M0(k,n,N,ψ) with 1N < n. 
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